We develop efficient methods for solving inverse problems of ultrasound tomography in models with attenuation. We consider the inverse problem as a coefficient inverse problem for unknown functions that characterize both the velocity cross section and the coefficients of the wave equation as functions of coordinates, which describe attenuation in the diagnosed region. We derive exact formulas for the gradient of the residual functional in models with attenuation. We develop efficient algorithms for minimizing the gradient of residual by solving the conjugate problem. These algorithms can be easily parallelized when implemented on supercomputers, allowing the computation time to be reduced by a factor of several hundred compared to a PC. Computations of model problems show that it is possible to reconstruct not only the velocity cross section, but also the properties of the attenuating medium. We analyze the choice of the initial approximation for iterative algorithms for solving inverse problems. The algorithms are primarily oriented toward the development of ultrasound tomographs for differential diagnosis of breast cancer. 
Introduction
Various physical problems can be described in terms of hyperbolic scalar wave equations. Such problems include inverse problems of ultrasound tomography in medicine, electromagnetic sounding, seismology, earthquake engineering, diagnostics of industrial products using acoustic radiation, etc. All the above problems involve attenuation as a physical process inherent to wave propagation through media. This paper focuses on solving inverse problems of diagnostics of objects via wave sounding. We consider the inverse problem as a coefficient inverse problem for a hyperbolic equation with the allowance for attenuation effects. We analyze various models associated primarily with the propagation of ultrasound through inhomogeneous attenuating media.
Currently, ultrasound diagnosis is used for regular medical examinations, which cannot produce high resolution because of the limited range of observing angles. Unlike the mathematical models for xray tomographs, those of ultrasound tomography should take into account diffraction, refraction, rereflection of waves, etc. Attenuation of ultrasound waves in the diagnosed object is one of the main physical processes. Ultrasound pulses with frequencies greater than 20 MHz are used for diagnostics of subdermis layers exclusively, because they are completely absorbed at a depth on the order of several mm. At frequencies between 0.3 and 1.5 MHz attenuation of the source signal in soft human tissues may amount to several factors of one for a 10-15 cm large diagnosed region (Hendee and Ritenour 2002) . This very frequency interval, 0.3-1.5 MHz, is used in the design of ultrasound tomographs.
One of the major medical problems is to reduce the breast cancer mortality rate. Advanced cancer is diagnosed in more than 40 % patients at the first examination. Common ultrasound instruments usually fail to reveal neoplasia with sizes smaller than 3 mm. The idea of using ultrasound tomographs is very appealing to this end. The possibility of examining the object from different sides gives hope for differential diagnostics of the disease at early stages using examinations involving no ionizing radiation. The aim of ultrasound tomography is to search for inhomogeneities in the diagnosed region. Ideally, one can try to reveal inhomogeneities both in both wave velocity and attenuation. One of the aims of this paper is to assess the possibility of the simultaneous determination of the velocity cross section and attenuation inhomogeneities by solving the inverse problem for the wave equation with attenuation.
The most promising research direction involves the development of efficient methods for solving inverse problems as coefficient inverse problems. Most of the studies in this field are based on models without attenuation. Natterer and Wubbeling (1995) use the propagation-backpropagation method for various formulations of coefficient inverse problems without attenuation. Natterer (1997) solves the inverse problem in the 3D formulation in the Helmholtz equation approximation for sounding by planar waves from different sides. The results of the coarse-grid computations reported by the above author do not allow reconstructing high-resolution images. Natterer (2010) considered the formation and solution methods for the tomography problem with a mirror. Klibanov (2008, 2012) developed solution methods for inverse problems of wave tomography using the hybrid globally convergent/adaptive inverse algorithm. The problem is considered as a coefficient inverse problem without attenuation. Kuzhuget et al (2012) analyzed the results of reconstruction based on experimental data of electromagnetic wave sounding.
Attempts have been made to linearize the nonlinear inverse problem. Such approaches include the Born and Rytov approximations and other linearized models (Stotzka et al 2005 , Jiřík et al 2012 , Huang and Quan 2007 , van Dongen and Wright 2006 , Backushinsky et al 1994 , Goncharskii and Romanov 2000 . Unfortunately, linearized models have a very limited potential. They can be used as initial approximations for iterative procedures of solving nonlinear inverse problems.
Only a few attempts have been undertaken to solve inverse problems in terms of models with attenuation. This is due to the fact that the development of solution methods for coefficient inverse problems, where unknowns include both functions characterizing velocity and functions characterizing attenuation, is a very complicated inverse problem. Wiskin et al (2012) and André et al (2012) proposed methods for solving inverse problems of ultrasound tomography in terms of a model that includes both diffraction and attenuation effects. The above authors use, as the approximate model for the wave equation, the so-called parabolic model, which works rather well for small diffraction and refraction angles and applies well to transmission ultrasonic tomography schemes. Only the transmission-based tomographic scheme can be used in terms of the parabolic model. As a result, two different problems have to be solved: for reflection and transmission. In the model considered attenuation of the model depends on frequency exclusively.
Only the transmission tomography scheme can be used in the framework of the parabolic model, and therefore two different problems have to be solved successively: one for reflection and one for transmission. In the model considered attenuation is frequency dependent. The results were tested not only on simulated problems, but also on an ultrasound tomograph model. Pratt et al (2007) analyze the inverse problem of ultrasound tomography as the coefficient inverse problem for the Helmholtz equation. The coefficient in the Helmholtz equation is actually viewed as a complex function, allowing both diffraction and frequency independent absorption to be described. The above authors reconstruct velocity cross section from transmission ultrasound data and then use the data obtained to solve the inverse problem of reflection tomography (Schmidt et al 2011) . An attempt was made to reconstruct the function that describes attenuation in terms of a simplified model. Natterer (2008) analyzes the formulation of the coefficient inverse problem for the wave equation with the allowance for frequency independent attenuation. He describe theoretically the propagationbackpropagation method for solving the inverse problem in this formulation and write the formula for the gradient of the residual. Goncharsky and Romanov (2013) derived a formula for the gradient of the residual functional for the wave equation with attenuation in a different formulation.
We also point the studies (Szabo 1994 , Chen and Holm 2003 , Chen and Holm 2004 , Waters et al 2005 , which involve theoretical analyses and model computations performed in terms of the direct problem for various models of attenuation of acoustic waves. In acoustic sounding problems attenuation is usually frequency dependent. Note that the higher the frequency, the stronger is attenuation. Various attenuation models have been considered, some of which even include fractional power frequency dependence. Wave equations in the formulations considered involve fractional time derivatives. Some of the models considered do not allow reasonable physical interpretation. Despite the large number of studies dealing with attenuation mechanisms and their physical models, many issues remain unclear in mathematical modeling of wave attenuation in inhomogeneous media.
In this paper we consider the inverse problem of wave time domain tomography in terms of models with attenuation as a standard coefficient problem. We consider models having different dependence of attenuation of the frequency of sounding pulses. The unknowns include not only the function that characterizes the cross section, but also the coefficients of the wave equation as functions of coordinates, which describe attenuation in the diagnosed region. Sounding is performed via short pulses. Within the framework of standard tomographic formulation the data are acquired from a large number of receivers for different positions of the sources. In the standard formulation the data from all receivers are used with the fixed position of sources without subdividing the data into reflected or transmitted waves. Recorded signals of receivers are functions of time.
In this paper we try to answer the following questions:
(1) As is well known, in x-ray tomography the standard set of tomographic data allows reconstructing only one function. Is it possible, given a standard set of tomographic data obtained with different positions of sources and a large number of receivers, to reconstruct not only the velocity cross section, but also the function that characterizes attenuation?
(2) If the answer to the first question is positive, is the quality of reconstruction better for the velocity cross section or the function that characterizes attenuation?
To what extent does the answers to questions (1) and (2) depend on the adopted attenuation model?
(4) Does it make sense to try to reconstruct the velocity cross section in models without attenuation if attenuation is really present?
We derive a representation for the gradient of the residual functional both with respect to the function of wave propagation velocity and the functions that characterize attenuation. We use this representation to develop numerical methods and perform computations of model problems that allow answers to be obtained for the above questions.
Below we consider various mathematical models of wave propagation in attenuated media. Our base model is Model 1, where there is no attenuation in the medium. The basic equations describe quite well the effects of wave diffraction, refraction, and rereflection in media with inhomogeneity. Model 1 describes well the effects of wave propagation in the optical, acoustic, and electromagnetic domains. The same model also describes well the effects of diffraction, refraction, and rereflection in seismic exploration and engineering seismology (Goncharskii et al 2010) . For short waves the geometric optics model is used extensively, where the bulk of the energy is transferred in space along the curves that are referred to as rays in geometric optics. However, even geometric optics models follow from wave equations in Models 1-3, and therefore their application domain extends from x-rays to centimeter-and meter-wave radiation. Important features of these models include the allowance for wave attenuation and different frequency dependences of attenuation.
Among the recent publications in the field of ultrasound tomography we mention paper (Hesse et al 2013) , whose authors analyze the possibility of reconstructing both the velocity cross section and the mass density distribution inside the volume considered from tomographic data. They plan to continue this work by formulating and analyzing the inverse problem of the reconstruction of the velocity cross section and the function that characterizes attenuation. It is this problem that we solve in this paper.
We solve direct and inverse problems of ultrasound tomography as the problems of the reconstruction of the velocity cross section and attenuation inhomogeneities in terms of the following mathematical models.
Scalar wave models of the propagation of radiation in inhomogeneous media

Wave models without attenuation
Acoustic field ) , ( t r u in a medium without attenuation is most often described in terms of Model 1.
is the wave velocity in the medium; 3 R r  , the position of the point in space, and  , the Laplacian operator with respect to r . The pulse generated by the source is described by function ) (t f . Wave equation (1) efficiently describes such wave phenomena as diffraction, refraction, and rereflection of waves in media without attenuation.
In this paper we use various attenuation models and approximately estimate the behavior of the frequency dependence of the attenuation coefficient.
Wave models with frequency independent attenuation
The simplest model describing attenuation is Model 2.
where ) (r a describes attenuation in the medium. We show below that in this case signal attenuation is independent of frequency. As a result, the pulse decreases in amplitude as it propagates, but its shape remains practically unchanged. In the one-dimensional case this equation corresponds to telegrapher's equation and models of electric field in a conducting medium or transverse electric waves in a homogeneous isotropic plasma (Szabo 1994) . It is is also used as an approximate model in ultrasound tomography of soft human tissues (Pratt et al 2007 , Natterer 2008 ), this attenuation model was also studied in (Chen et al 2012, Cox and Overton 1996) .
Let us now determine how attenuation depends on frequency in the case of a planar wave for equation
. We seek the solution in the form In problems of ultrasound tomography of soft tissues attenuation in reality depends on frequency. Various data (Szabo 1994 , Holm and Sinkus 2010 , Treeby and Cox 2010 suggest that the power-law exponent of the frequency dependence for longitudinal waves ranges from 1 to 2. Hence from physical viewpoint Model 2 does not describe the behavior of attenuation very well. This model is nevertheless used in ultrasound tomography of soft tissues ( Pratt et al 2007 , Natterer 2008 .
Wave models with attenuation that depends quadratically on frequency
Consider now another wave model, where, unlike Model 2, attenuation depends on frequency. We show below that in this case the inverse problem can also be reduced to a coefficient inverse problem for a partial differential equation.
We analyze the so-called Stokes attenuation in viscous media (Royer and Dieulesaint 1996, Shutilov 1988) . Let us consider the propagation of ultrasound waves in a medium with loss of energy due to the partial transformation of energy into heat. Dissipation of acoustic energy may be due to the thermal conductivity of the medium and various molecular processes. In most of the real media the principal cause of ultrasound attenuation is viscosity. We assume, in accordance with Newton's law for internal friction force, that to a first approximation viscous stresses are proportional to the rate of strain. In this case for an ideal isotropic medium without shear elasticity we add to the formula for stress
where  div K describes elastic stress (Hooke's law for uniform compression);  div is, in view of the continuity equation, the bulk dilatation;  , the vector of translation; К, the modulus of volume elasticity, and ,the viscosity coefficient. In our case the stress tensor has the form  is density. In the case of vortex-free motion we introduce the velocity potential (Tikhonov and Samarskii 1990) . It follows from equation (7) . We then have
where we introduce the velocity potential, which is equal to the expression in parentheses, and
. We now differentiate both parts in formula (6) with respect to time to obtain, in view
For slowly varying coefficients we derive the equation for velocity by taking the gradient, and the equation for pressure, by differentiating both parts of formula (8) with respect to time
(9) For the model equation with attenuation considered here Model 3a can be used for any of the scalar components v and p. Model 3a
We now find how attenuation depends on frequency in the model of plane wave for equation
where c = const >0,
. We seek for a solution in the form
where 0  b determines attenuation. We substitute it into equation (10) 
We now write separately the equations for the real and imaginary parts 
We then add the first and second equations of set (12) to obtain
We substitute this equation into the second equation of set (12) The next Model 3b can also be shown to have a similar quadratic dependence of attenuation on frequency.
Similarly to the case of Model 3a, it can be shown that the attenuation coefficient for equation (14) . Model 3b can also is also used to model the attenuation of ultrasound and acoustic waves (Holm and Sinkus 2010) .
Thus the attenuation coefficient for Models 3a and 3b depends quadratically on frequency
Remark. Models 1-3 have the advantage that they describe both diffraction phenomena of wave propagation in inhomogeneous media, and attenuation effects. Models 1-3 also describe well such wave effects as refraction, diffraction, and rereflection. Models 2 and 3 differ substantially from each other. In Model 2 the frequency spectrum of the signal does not change in the process of the propagation through attenuating medium. In Model 3 the signal spectrum changes after propagation through attenuating medium. A disadvantage of Models 1-3 is that they are scalar. More complex models result in tensor properties, and this also applies to anisotropic media. Attempts have been made to use tensor approaches and incorporate transversal waves. However, the resulting inverse problems proved to be too complex (Naili et al 2010 , Madsen et al 1983 . Models 1-3 address the inverse problem of ultrasound tomography as a coefficient inverse problem. In Model 1 velocity distribution in the inhomogeneity region has to be reconstructed as a function of coordinates. In Models 2 and 3 the coefficients а(r) that characterize attenuation are reconstructed along with the velocity cross section.
Formulation of the inverse problem for various models and the methods used for its solution
Wave models without attenuation
Consider the wave equation that describes some acoustic field ) ,
bounded by the surface S during time (0,T) with a point source located at point 0 r . In the absence of attenuation the direct problem can be described by equations (15-16). 
Here 2  is the squared norm in the
are the experimental data at the domain boundary S during time ) , 0 ( T . According to (Natterer and Wubbeling 1995 , Goncharskii and Romanov 2012 , the formula for the gradient of functional (17) has the following form 
Wave models with frequency-independent attenuation
In this paper we propose efficient algorithms for solving the inverse problem of ultrasound tomography in media with different attenuation models. Direct problem (forward-time problem) in Model 2 has the following form 
in functions ) (r c and ) (r a . According to (Goncharsky and Romanov 2013) , the formula for functional (23) has the form 
A different formulation of the coefficient inverse problem for hyperbolic equations with attenuation was used by Natterer (2008) .
Wave models with attenuation that depends quadratically on frequency
The forward-time problem in Model 3a has the form
We further assume that velocity outside the inhomogeneity domain is const ) ( ) ( 
We then introduce operator Р of restricting the function to the domain 0  t , and derive from equation (28) 
. Similarly, we derive from equation (28) 
Hence function
is a solution of problem (31-32).
We now introduce operator А:
Let us consider what we refer to as the «conjugate» problem to the main problem (27-28) 
We then consider the scalar product   u A w~ , . We use the relations (28), (31), (34), and
On the other hand, we use relations (29), (32), and (34) to obtain 
We derive from formulas (36) 
We thus wrote out explicit formulas for the gradient of the residual functional for each of the Models 1-3. With the gradient known, various iterative methods can be proposed for minimizing the residual functional. Our base method for solving inverse problems in Models 1-3 was the modified version of the steepest descent method, which describe in detail below.
Numerical algorithms for solving inverse problems in attenuated media
A detailed description of numerical methods for solving the inverse problem in terms of Model 1 without attenuation can be found in (Goncharsky and Romanov 2013) .
We solve the inverse problem in terms of Model 2 in each layer using the finite-difference method. We introduce the discrete uniform mesh
where h is the mesh size in the horizontal coordinates and  is the mesh size in time. The parameters h and  are related by the CFL stability condition We use the following difference approximation of equation (21), which is second-order accurate in the source-free region In model computations the region studied is surrounded by a homogeneous medium (figure 1), where the process of the sounding pulse propagation is well known, allowing ) , ( t r u and ) (r,t u t to be computed for small t. The sounding pulse is set at a certain time instant 0 1  t in the form of a wave radially propagating through medium L by the following formula
where r is the distance from the current point to the pulse source; T, the pulse duration; 0 c , the wave velocity in medium L; 0 R , the distance from the leading edge of the wave to the pulse source; K, the pulse amplitude, and 0   determines the steepness of the pulse envelope. We similarly (with the adjustment for the reversal of the sign in front of a) write out the difference scheme for w(r,t) in backward time. In the conjugate problem the wave is also attenuated. The solution is found explicitly by time layers. We compute gradient (24) of functional (23) 
where gradC ij is the gradient with respect to c at point (x i , y j ) по c, and gradA ij , the gradient with respect to a at point (x i , y j ). The residual is computed by the formula
Here S is the boundary; U ij k , the values of U(r,t) at point (x i , y j ) located at boundary S at time t k . We used the following iterative process in our model computations. Our chosen initial approximation is , which corresponds to the 1.5 km/s sound speed in pure water, and
where a 0 is the mean attenuation in region G, whose boundary is known. The following operations are performed at each iteration (p): 1. Computation of the initial pulse of the source using formula (41). 6. Correction of the current approximation c (p) . The process returns to item 2.
The iterative process stops either when the residual becomes smaller than some preset threshold, which corresponds to the a priori known error of input data, or when the rate of decrease of the residual reaches the given minimum threshold.
The initial step ) 0 ( γ of gradient descent is chosen based on a priori considerations. A more accurate determination of the step of the steepest descent would require additional iterations, which would increase the computing time by a factor of 2 or even more. If residual F (p) at the next iteration is greater than F (p-1) , the step ) ( p γ is decreased by a factor of 1.5.
After each iteration we set G ) ( for 0 ) (
, which corresponds to a priori information about the absence of attenuation outside region G.
We the write out the difference scheme for equation (27) in Model 3a. We use a scheme with four time layers, which produced a stable solution for wave equation (27) with attenuation. For the terms
we use the same difference approximation as above and propose the following scheme for the
We isolate the term
to obtain an explicit difference scheme in time layers for computing the propagation of acoustic wave («forward-time» computation) for equation (27)
The conjugate problem is described by equation (33). We propose the following scheme to approximate
The difference scheme for wave w(r,t) in the conjugate problem can be written out in the following explicit form by time layers in backward time 
We compute gradient (39) of the residual functional by the following difference formula
where gradC ij is the gradient with respect to c at point (x i , y j ), and gradA ij , the gradient with respect to a at point (x i , y j ). All other computations and the iterative process are performed in the same way as described above for Model 2.
Model computations
The explicit representation for the gradient of the residual functional for Models 1-3 can be used to build efficient iterative procedures for reconstructing с(r) and a(r). The formulas derived for the gradient of residual allow solving the inverse problem both in the 2D and 3D formulation. In this paper we analyze two-dimensional problems of ultrasound tomography, and our computations are based on mathematical models with and without attenuation described by equations (15), (21), and (27) in terms of Models 1-3.
Because of the large amount of computations involved, inverse problems can be most efficiently solved with supercomputers. Supercomputers allow problems to be solved on grids with up to several thousand points along each coordinate in the reconstructed layer, and in this study we performed our modeling on a uniform 500x500 grid. Test computations were run on the supercomputer of the Supercomputing Center of Lomonosov Moscow State University (Voevodin et al 2012) . We parallelized the problem over 256 CPU cores. Such a partitioning into processes allow high efficiency to be achieved with a velocity gain by a factor of ~ 100. A total of 500 iterations took about 3.5 hours to compute. Figure 1 shows the experimental design with the sources and receivers denoted by "1" "2", respectively. Sources are located at the sides of the computation domain at equal intervals, and detectors are also located along the perimeter of the computation domain at intervals no greater than 3  . The domain G studied, which contains inhomogeneities, is located at the center of the square computation domain and is surrounded by nonabsorbing medium L with known velocity v 0 =1500m/s. Experimental studies were performed on a computer-synthesized 2D object with model inhomogeneities. We used the same cross sections of the ultrasound wave propagation velocity v(x, y) in the object studied in terms of Models 1-3. The minimum size of an inhomogeneity is 3mm. Variation of velocity с(x, y) did not exceed 20%. Attenuation is absent in Model 1whereas in Models 2, 3 it is characterized by function a(x, y). Variations of attenuation coefficient a(x, y) did not exceed 50% within the object. The adopted ranges of parameter variation correspond to their variation ranges in soft human tissues (Hendee and Ritenour 2002) .
Model computations involved solving the direct problem of the propagation of ultrasound wave. Figure 2 shows the cross section of the wave as a function of coordinate after the wave passes through the object. The solid line corresponds to the wave that has crossed the medium without attenuation in Model 1, the dots show the wave with allowance for attenuation in terms of Model 2, and the dashed line, the wave with the allowance for attenuation in terms of Model 3a. It is evident that the wave amplitude decreases by a factor of about 3 when computed with the allowance for attenuation. In Model 3a the frequency spectrum of the wave contains mostly low frequencies, whereas in Model 2 the frequency spectrum in Model 2 did not change compared to the initial wave because of frequency-independent attenuation. To solve the inverse problem, we used the iterative process starting with the initial approximation с(r) = const = c 0 , where c 0 is known outside the inhomogeneity region. In the presence of attenuation we chose its initial approximation in the form a(r) = const = a 0 in the diagnosed region, where we set a 0 equal to the average attenuation coefficient for soft tissues. We set a(r) equal to zero everywhere outside the inhomogeneity region, where attenuation is absent. We performed our computations for 64 radiation sources. Figures 7 and 8 show the results of the reconstruction of function v(x, y) in terms of Model 3a after 500 and 3500 iterations. It is evident that both models with attenuation allow simultaneous reconstruction of the two unknown functions --velocity and attenuation. Although Models 2 and 3 are difficult to compare because of different attenuation behavior, we could not see from solving model problems whether there is any difference between the reconstruction of the function that describes attenuation in Models 2 and 3. It is, however, fair to say that for the given parameters the velocity function can be reconstructed with fewer iterations and with higher quality than the attenuation function. The fact that velocity function is reconstructed with higher quality than the attenuation function is also evident from figure 9, which shows the plots of the exact and reconstructed cross sections along the AA line in figure 6 for velocity (a) and attenuation (b). Figure 10 shows the results of the reconstruction after 500 iterations in Model 3 with superimposed normally distributed nose with a standard deviation of 0.02, which corresponds to 10% of the amplitude of the transmitted wave. After 500 iterations the standard deviation decreased down to 0.000396, which agrees well with the dispersion of superimposed noise, which is equal to 0.0004. The problem considered is ill posed. Methods of the construction of iterative regularizing schemes are well known (Bakushinsky and Goncharsky 1994) . One of the ways of constructing regularizing algorithms consists in limiting the number of iterations depending on the error of input data. One may get the impression that 500 iterations are sufficient enough. However, this is not quite the case. The fastest algorithm in this domain is the conjugate gradients method, which minimizes quadratic functional in n iterations, where n is the number of unknowns. In our problem the number of unknowns is equal to 500 000. In addition, the problem considered is nonlinear. As mentioned above, supercomputers allow the computing time to be reduced by a factor of several hundred.
As is evident from figure 10, velocity again can be reconstructed better than attenuation. The quality of velocity reconstruction is high even in the case of sufficiently high noise level.
It follows from figure 11 that the reduction of the number of sources to four (compared to 64), also has a stronger effect on attenuation whose quality becomes low. We now try to answer the question whether it is so important to use the model with attenuation. We found that if the model is not the right one, attenuation cannot be reconstructed at all. However, velocity is reconstructed rather well, as is apparent from figure 12 , where we show the reconstruction of v(r) and a(r) in terms of Model 2 using the data obtained from Model 3. Velocity in this case is reconstructed fairly well, whereas attenuation was not reconstructed at all. Moreover, velocity is reconstructed rather well even if attenuation is completely ignored, as it follows from figure 13, where we show the reconstruction of velocity in terms of Model 1 (without attenuation) using the data obtained, as above, from Model 3. The results shown in figure 13 were obtained in the case where attenuation decreases the amplitude of the signal recorded by detectors by a factor of up to three! When we set about to prepare the paper and perform model computations, our goal was to demonstrate that in real problems with attenuation it is absolutely useless to try solving the inverse problem in terms of models without attenuation. The results of model computations shown in figures 12 and 13, which show that the situation is not as bad as it seems. Even in the presence of significant attenuation the velocity cross section reconstructed in terms of a model without the allowance for attenuation agrees rather well with the exact solution. Of course, the result obtained cannot be compared to the ideal picture obtained in terms of the corresponding model with attenuation. However, the fact that the reconstructed velocity cross section does not depend very strongly on the attenuation model inspires hope.
At the physical level of rigor this result can possibly be explained by the fact that the dependence of the residual functional on velocity variations is stronger than its dependence on the variations of the coefficients in the attenuation model. Imagine that sounding is performed, for the sake of simplicity, by very short pulses. Then even for small velocity variations the signal recorded by the detector and its delayed counterpart in the perturbed version should be orthogonal in L 2 if their carries do not intersect. A change of the attenuation coefficient in the model would change only the amplitude of the signal arriving at the detector.
To simultaneously determine the inhomogeneities characterizing attenuation mathematical models should be used that adequately describe the physical processes of attenuation.
Conclusion and discussion
(1) In this study we developed efficient methods for solving inverse problems of ultrasound tomography in models with attenuation. We address the inverse problem as a coefficient inverse problem for unknown functions characterizing both the velocity cross section and the coefficients of the wave equation as functions of coordinates describing attenuation in the diagnosed region. The main difference between the models is in the frequency dependence of the attenuation of sounding radiation. In Model 2, unlike Model 3, the frequency composition of the sounding signal does not change as the signal propagates through the medium. The choice of the attenuation model is primarily determined by the physics of attenuation processes. (2) We obtained exact formulas for the gradient of the residual functional with respect to both the velocity and the coefficient of the wave equation as a function of coordinates, which characterizes attenuation in Models 2-3. We developed efficient algorithms for minimizing the residual functional based on the computation of the gradient by solving the conjugate problem. In the formulation considered there is no need to artificially subdivide the data into the transmission and reflection measurements and implement algorithms stage by stage. For each arrangement of the sources detector data are collected. We use these data with our developed algorithms to construct approximate solutions both for the velocity cross section and for the function characterizing attenuation. (3) Our developed algorithms can be efficiently parallelized to be implemented on supercomputers including GPU based supercomputers, allowing the computing time to be reduced by a factor of several hundred compared to a PC.
(4) An important problem in constructing iterative methods is the choice of the initial approximation.
We solved all model problems starting with the initial approximation where all the required coefficients are set to be constant inside the diagnosed region. (5) Our model computations showed that in the case of small data errors it is possible to reconstruct not only the velocity cross section, but also the coefficients of the wave equation as functions of coordinates that characterize attenuation. How does this result agree with the fact that only one function can be reconstructed in x-ray tomography based on standard tomographic data? Unlike what we have in x-ray tomography, in ultrasound tomography each detector measures the signal that is a one-dimensional function of time. (6) In both models with attenuation the velocity cross section is reconstructed better than the coefficients a(r) that characterize attenuation. With increasing data errors one can anticipate the situation where the solution reconstructs the velocity cross section, but practically fails to reconstruct the coefficients of the wave equation as functions of coordinates. (7) Our result that reconstruction of the velocity cross section does not depend very strongly on the adopted attenuation model allows us to view optimistically the potential of ultrasound tomographs in medicine for determination of inhomogeneities of the distribution of the velocity of the propagation of acoustic waves. To simultaneously determine the inhomogeneities that characterize attenuation, mathematical models are needed that adequately describe the physical processes of attenuation. (8) We proposed efficient methods for solving coefficient inverse problems of seismology, earthquake engineering, and electromagnetic diagnostic of subsurface Earth layers.
